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Abstract-some new results are obtained for the asymptotic behavior of the following second- 
order nonlinear difference equation: 
A(r,-rA~,.-r) + qn@ar,)P - P,Y; = e,, n E N, 
where {r,,}F=o is a positive sequence, {P,}$~ and {q,,}F__r are nonnegative sequences, {en}?_, is 
any real sequence, and (Y and p are ratios of odd positive integers. Examples are given to illustrate 
the advantages of our results. The error in [l] is also pointed out. @ 2003 Elsevier Science Ltd. All 
rights reserved. 
Keywords-Nonlinear difference equation, Asymptotic behavior 
1. INTRODUCTION 
Recently, there has been an increasing interest in the study of the asymptotic behavior of solutions 
of second-order nonlinear difference equations. For example, see [l-8] and the references cited 
therein. 
In the present paper, we consider the following second-order nonlinear difference equation: 
A(~,-~AY,_~)+~,(AY,)~ - PRY,” = en7 n E N, (1) 
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where N = {1,2,. . }, A is the forward difference operator defined by Ay,, = yn+l - ynln, {r,}r=, 
is a positive sequence, {pn}rT1 and {qn}F!l are nonnegative sequences, {e,}~?, is any real 
sequence, and Q: and p are ratios of odd positive integers. 
Equation (1) has been investigated extensively, such as [l-5]. However, most of the known 
results are concerned with the case e, = 0. In [3], Cheng, Li and Petula considered the asymptotic 
behavior of solutions of equation (1) with cy = 1, qn 5 0, and e, E 0; i.e., 
A(rn-lAyn-I) - P,Y, = 0. (2, 
Zhang [4] discussed the asymptotic behavior of nonoscillatory solutions of equation (1) when 
cy = 1, T, = 1, and qn = 0 and p, 5 0 for all n E N. Thandapani, Graef and Spikes [5] studied 
the asymptotic behavior of solutions of equation (1) in the case of cx > 1, qn s 0, and e, z 0. 
Very recently, Thandapani and Marian [l] investigated the boundedness and monotonicity 
properties of solutions of equation (1) for the case e, f 0. Mainly, they obtained the following 
results. 
THEOREM A. Let C,“=, l/r, = 03, C,“_,pn = 00, and Cr’-“=, lenl < 03. If {y,} is a bounded 
nonoscillatory solution of equation (1) with q,, z 0, then yn --t 0 as n --+ co. 
THEOREM B. I;et e, 2 0 for all n E N and 0 < Q < 1. If 
then all eventually positive solutions of equation (1) are bounded. 
Here, we would like to point out that there is a mistake in the proof of Theorem 4 (i.e., 
Theorem A in this paper) in [l]. The error occurs in the second case of the proof; that is, {Ayn} 
is oscillatory. For the sake of convenience of readers, we extract a set of sentences from [l, p. 6141 
as follows. 
PROOF. Since {Y,} is nonoscillatory, from the assumption on {e,}, it follows that there is no 
loss in generality if we take {Y,} to be eventually positive. Let Yn > 0 for n > N > 1. Now 
let {Ay,} be oscillatory. Summing equation (1) from Nl + 1 to n, we obtain 
r,Ay, = CvAYN + 2 PsY,* + 2 e, >r,v&/jv+d 
s=N~+l s=N~+l s=Nl+l s=N1+1 
where 0 < m < yn for n 2 Nl. From the hypothesis, we have Ayln > 0 for sufficiently large n. 
However, this contradicts the oscillatory character of {Ayn}. 
In fact, when yn is eventually positive and {Ay,,} is oscillatory, we cannot definitely find a 
positive real number m such that y,, > m eventually holds. We can demonstrate this by a 






Yn= n n 2 2. 
n+l’ 
n even, 
Obviously, yn is positive for n 2 2. Moreover, we have Ayz,, = 2/(2n + 1)(2n + 3) > 0 and 
Ayzn_l = -2/(2n + 1)(2n - 1) < 0 for n 2 2, which means that {Ay,} is oscillatory. Whereas 
there does not exist a positive real number m such that y,, > m eventually holds, so, the proof of 
Theorem 4 [l] is not always true, and the correctness of Theorem 4 [l] is worth doubting unless 
the above gap is filled. 
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The following example also displays the limitations of Theorem B. 
EXAMPLE 1. Consider the difference equation 
AP(n - l&y,-1) + n;;++2;j3 (AyrJ3 - n2;,5/: 1) ~n"~ 
=m-&- 2 n2(n 1 + (El) 1) ’ n 2 2. 
Since Q = 5/3 > 1, Theorem B cannot define whether all eventually positive solutions of equa- 
tion (El) are bounded. 
These observations stimulate us to do further investigations for equation (1). The motivation 
of this note is to continue to investigate and to present some new results for the asymptotic 
behavior of solutions of equation (1). Our result can easily answer the above problems. 
By a solution of equation (l), we mean a real sequence {Yn}rZO which satisfies equation (1). 
A solution {Yn} of equation (1) is oscillatory if it is neither eventually positive nor eventually 
negative. Otherwise, it is said to be nonoscillatory. Equation (1) is called oscillatory if all its 
solutions oscillate. 
2. MAIN RESULTS 
First, we consider the special case of equation (1) where qn = 0, i.e., the following equation: 
A(r,-lA~,-l) -KY,” = e,, 
We have the following result for equation (3) 
n E N. (3) 
THEOREM 1. Assume that, for any given positive (negative) real numbers k, 1, k’, l’, and some 
no E N, C,“=,,(l/r,)[C’&,(kp, + e,) + 11 = 4-w) and Cz’=,,(k’p, + e,) = =J(-co). Then 
CzJV~n)(CEn, e, + 1’) = CXI( -0~) ensures that all bounded eventually positive (negative) 
solutions {yn} of equation (3) satisfy yn -+ 0 as n --f 00. 
PROOF. Let {yn} be a bounded eventually positive solution of equation (3). We will only prove 
the conclusion for this case. The proof in the other case is similar and will be omitted here. Thus, 
we may assume there exists an no E N such that yn > 0 for n 1 no. Consider the following three 
possible cases. 
CASE (i). {AY,} is oscillatory. Then, there is an n1 E N with n1 1 no such that Ayn, > 0. By 
summing both sides of equation (3) up from n1 + 1 to n, one can see that 
AYn = $ 2 (RY,” + ei) +r,,Ay,, 1 i 1 [ 2 ei +rnlAy,, , i=nl+l i=n1+1 1 
which, according to the known assumption, produces that 
ei + r,, AY,, 1 + ~0, n --+ cm. 
This is contrary to the fact that {yn} is an eventually bounded positive solution of equation (3) 
CASE (ii). {Ay,} is eventually negative. Then it is clear that {y,} converges because y,, is 
eventually positive. That is to say, the limit lim n_+ooyn = y 2 0 exists and is finite. If y > 0, 
then there is an n2 2 nl such that y,, > y/2 for n 2 n2. Summing equation (3) from n2 + 1 to n 
and utilizing the known assumption, we have 
This is a contradiction. So, y = 0. 
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CASE (iii). {Ayn} is eventually positive. We will verify that it is impossible for this case to 
occur. Otherwise, there exists an n3 E N, n3 2 n1 such that Ay,, > 0 for n 2 n3. By summing 
both sides of equation (3) up from n3 + 1 to n, it follows that 
AYE = & 2 (piy~ + ei) + T,, Ayna 2 $ 1 [ 2 (PRY,“, + et) -t ~,,&I,, 2=ns+l z=ns+1 I 
It is clear from the given condition that 
This contradicts the assumption that {y,} is an eventually bounded positive solution of equa- 
tion (3) and completes the proof. 
Next, we study the asymptotic behavior of solutions of equation (1) with qn > 0 for all n E N. 
THEOREM 2. Suppose that e, 2 0 holds eventually and that cy 5 /7. If for any given k, 1 > 0, 
(P, + Ices) + I )I < CO, 
then any eventually positive solution of equation (1) tends to a constant. 
PROOF. Let { yn} be an eventually positive solution of equation (1). Then, there exists an no E N 
such that yn > 0, e, > 0 for n 2 no. We first affirm that {Ay,,} is of definite sign eventually. 
Otherwise, assume that {Ay,} is oscillatory. Then, there is an n1 E N with nl 2 no such that 
Aynl > 0 or Ay,, = 0. 
If Aynl > 0, in light of equation (l), we have 
rnl+lAynl+l + qnl+l (AY,,+# = P~~+~Y&+~ + en,+1 + r,,Aynl > 0, 
which implies A ynl + 1 > 0. So, by induction, we derive Ay,, > 0 for n > nl. This contradicts the 
fact that {Ay,} is oscillatory. 
If Ayn, = 0, repeating the above procedure of proof, we still obtain Ay,, 2 0 for n 2 nl. This 
is also contrary to the fact of {Ay,} being oscillatory. Thus, {Ayn} is of one sign eventually. 
Therefore, it is sufficient to consider the following two cases. 
CASE (i). Ayn < 0 eventually holds. Then it is clear that {yn} converges because yn is eventually 
positive. 
CASE (ii). Ay, > 0 eventually holds. Namely, there exists an n2 E N with n2 > no such that 
Ayn > 0, e, 2 0 for n > n2. At this time, we only need to prove that { yn} is bounded from 
above. Summing both sides of equation (1) up from n2 + 1 to n, one can see 
rnAyn + c qi(Ayi)p = (piyg -I- ei) + T,,AY,~. 
i=na+l i=nz+l 
It yields 
qn(Ayn)p < 2 (P~YP + et) + 
n 
r,, Ayn:, < c CRY,” + 4 + r,, AY,, , 
i=nz+l 2=nz+l 
and hence. 
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which gives 
$5 < {$ [i=g+l(Pi+g) +*]}liQ. (4 
Notice that, for any positive integer m > n2 + 1, 





Y%+l s”‘p n=nz+l y., 
_< k1 AY+ 
P/P - n=nz+l y,alP 
From this, together with the known assumption and (4), one may obtain that there exists a 
constant M > 0 such that for any positive integer m > n2 + 1, 
Yrn ds J - YnZ+, PIP < M. (5) 
If (Y = /3, then Jln:+l & = lny, - In y,,+l. Inequality (5) displays that ym is bounded from 
above. 
If Q: < P, then &:‘+1 & = y,?‘“/(l - CX/P) - yfLT[‘/(l - a/p). From (5), we also know 
Ym < xl. 
Thus, {yn} is bounded from above as cy < p. This completes the proof. 
Similar to Theorem 2, we can derive the following results. 
THEOREM 3. Suppose that e, 2 0 holds eventually and that 0 < CY I 1 = p. If for any given k, 
1> 0 and some no E N, 
then any eventually positive solution of equation (1) tends to a constant. 
THEOREM 4. Suppose that e, I 0 holds eventually. Assume further one of the following state- 
ments is true. 
(i) 0 < (Y 2 1 and for any given lc < 0, 1 > 0 and some no E N, 
(ii) Q 5 p and for any given k < 0, 1 > 0 and some no E N, 
Then any eventually negative solution of equation (1) tends to a constant. 
The proofs of these two theorems are completely similar to that of Theorem 2, and hence, are 
omitted here. 
REMARK 1. In Theorem 3 and Theorem 4(i), we do not require q,, > 0 for all n E N. 
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3. EXAMPLES 
Now we give some examples, including Example 1 mentioned previously, to illustrate the ad- 
vantages of our results. 
EXAMPLE 1. Consider the difference equation 
N2(n - IMy,-1) + n;;+‘;i3 (Ay,)’ - 1 
n1/3(n + 1) 
&5/3 
= $q - & - n2(n1+ 1)’ 
(El) 
n > 2. 
Using the notation in equation (l), we have Q = 513, /3 = 3, r, = 2n, 
n3(n + 1)3 1 2 1 1 
qn = (n+2)2 ’ h= n1i3(n + 1) ’ en = n(n - (n - n2(n + 1) 
One can easily verify that for any given k, 1 > 0 
l/4 
(P, + ke,) + 1 )I < 00 
Thus, in view of Theorem 2, any eventually positive solution of equation (El) tends to a constant. 
In fact, yn = l/n is such a solution of equation (El). 
EXAMPLE 2. Consider the difference equation 
A((n + ~)AY,-1) - FY: = 2n;2?L+$2 > n E N. (E2) 
Corresponding to equation (1): r,_i = n -t l> cx = 3, qn c 0, p, = (n + 1)/2, e, = (n + 2)j 
2n(n + 1)2. 
It is easy to examine that C,“=,, ( l/rn) [c&, ( kpp, + e,) + 11 = co, C,“=,, (k’p, + e,) = co, and 
C,“=,, (Ilm)[CL, e, + I’] = cc for any given k, 1, k’, 1’ > 0. So, all conditions of Theorem 1 
are satisfied. Accordingly, by Theorem 1, all bounded eventually positive solutions {y,> of 
equation (Es) satisfy yn --f 0 as n --+ co. Indeed, yn = l/(n+l) is such a solution of equation (E2). 
EXAMPLE 3. Consider the difference equation 
A(n(n + l)Ay,_i) + n(n + 1)3(n + 2)3(Ay,)3 - F 
( > 
5/3 
yn513 = n- 1, n L 2. (Es) 
We can easily prove that all assumptions in Theorem 2 hold. It follows from Theorem 2 that 
any eventually positive solution of equation (Es) tends to a constant. Actually, yn = n/(n + 1) 
is such a solution of equation (Es). 
EXAMPLE 4. Consider the difference equation 
2 1 
A(n(n - l)Ay,-1) + n3(n + I)5(A~,)5 - n(n 1 l)3~n3 = -sj n 1 2. (E4) 
One can easily prove that all assumptions in Theorem 4(ii) hold. It follows from Theorem 4(ii) 
that any eventually negative solution of equation (Ed) tends to a constant. Actually, y, = 
(1 - n)/n is such a solution of equation (Ed). 
EXAMPLE 5. Consider the difference equation 





= (n+1)3 +$ 
(Es) 
-~ n 2 1. 
We can prove that all assumptions in Theorem 4(i) are valid. Thus, it follows from Theorem 4(i) 
that any eventually negative solution of equation (Es) tends to a constant. Actually, yn = 
-(2n - l)/(n + 1) is such a solution of equation (Es). 
REMARK 2. The asymptotic behavior of the solutions of (El)-(Es) mentioned above cannot be 
derived from the known results. 
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